Let T = (T, w) be a positive-weighted tree with at least n vertices. For any i, j ∈ {1, ..., n}, let D i,j (T ) be the weight of the unique path in T connecting i and j. The D i,j (T ) are called 2-weights of T and, if we put in order the 2-weights, the vector which has the D i,j (T ) as components is called 2-dissimilarity vector of T . Given a family of positive real numbers {D i,j } i,j∈{1,...,n} , we say that a positive-weighted tree T = (T, w) realizes the family if {1, ..., n} ⊂ V (T ) and D i,j (T ) = D i,j for any i, j ∈ {1, ..., n}.
Introduction
For any tree T , let E(T ), V (T ) and L(T ) be respectively the set of the edges, the set of the vertices and the set of the leaves of T . A weighted tree T = (T, w) is a tree T endowed with a function w : E(T ) → R. For any edge e, the real number w(e) is called the weight of the edge. If the weight of every edge is positive, we say that the tree is positive-weighted; if the weight of every edge is nonnegative, we say that the tree is nonnegative-weighted. For any finite subtree T ′ of T , we define w(T ′ ) to be the sum of the weights of the edges of T ′ . In this paper we will deal only with finite positive-weighted trees. Definition 1. Let T = (T, w) be a positive-weighted tree. For any distinct i, j ∈ V (T ), we define D {i,j} (T ) to be the weight of the unique path joining i with j. We call such a subtree "the subtree realizing D {i,j} (T )". We define D {i,i} (T ) = 0 for any i ∈ V (T ). More simply, we denote D {i,j} (T ) by D i,j (T ) for any order of i, j. We call the D i,j (T ) the 2-weights of T .
If S is a subset of V (T ), |S| = n, and we order in some way the 2-subsets of S (for instance, we order S in some way and then we order the 2-subsets of S in the lexicographic order with respect to the order of S), the 2-weights with this order give a vector in R ( n 2 ) . This vector is called 2-dissimilarity vector of (T , S). Equivalently, if we don't fix any order, we can speak of the family of the 2-weights of (T , S).
We can wonder when a family of positive real numbers is the family of the 2-weights of some weighted tree and of some subset of the set of its vertices. If S is a finite set, we say that a family of positive real numbers {D i,j } i,j∈{1,...,n} is p-treelike (respectively nn-treelike) if there exist a positive-weighted (respectively nonnegative-weighted) tree T = (T, w) and a subset S of the set of its vertices such that D i,j (T ) = D i,j for any i, j ∈ {1, ..., n}. If the tree is a positive-weighted (respectively nonnegative-weighted) tree and S ⊂ L(T ), we say that the family is p-l-treelike (respectively nn-l-treelike). A criterion for a metric on a finite set to be p-treelike was established in [5] , [14] , [15] :
..,n} be a set of positive real numbers. It is p-treelike if and only if, for all i, j, k, h ∈ {1, ..., n}, the maximum of
This condition is called four-point condition and it is stronger than the triangle inequalities (just put h = k). Moreover, it is easy to prove that this condition is necessary and sufficient to ensure that a family of positive real numbers {D i,j } is nn-l-treelike.
Definition 1 can be extended also to graphs: given two distinct vertices i, j of a positiveweighted graph G = (G, w), D i,j (G) is defined to be the minimum of the weights of the paths joining i with j; we define D i,i (G) = 0 as before. See for example [9] for some results on 2-dissimilarity vectors of graphs. In [8] and [4] the definition of 2-weights is given also for general-weighted graphs and trees respectively (graphs and trees in which the edges have real weights): in the first the authors give a characterization of the families of real numbers that are the 2-dissimilarity families of a general-weighted graph, whereas the second deals with the case of general-weighted trees and their 2-dissimilarity vectors.
Finally we want to recall that, given a positive-weighted graph G = (G, w) with {1, ..., n} ⊂ V (G), there exists a definition of k-weights, where k is a natural number less than n; when k = 2 this definition corresponds exactly with the definition of 2-weights (for both positive-weighted graphs and trees):
More simply, we can denote
See [11] , [7] , [2] , [10] , [12] and [13] for some results on dissimilarity vectors of positiveweighted and general-weighted trees. In the end, in the recent paper [1] , the authors have obtained some theorems about (n − 1)-dissimilarity vectors of positive-weighted graphs and trees.
In this paper we characterize the families of positive real numbers {D i,j } i,j∈{1,...,n} realized by a positive-weighted tree with exactly n vertices, where n ∈ N, n ≥ 3 (see Theorem 5).
The main result
In Theorem 5 we will use the following notation:
• For any i and j vertices of a graph G, we denote with e(i, j) the edge joining i with j.
• Following [3] , we will say that a graph is simple if it has no loops or parallel edges; we define path every simple graph whose vertices can be arranged in a linear sequence in such a way that two vertices are adjacent if and only if they are consecutive in the sequence.
• For simplicity, the vertices of trees will be often named with natural numbers. 
and
Finally, if T exists, then it is unique.
Proof. ⇒ It is obvious that the the four-point condition is still necessary. Let T = (T, w) be a positive-weighted tree with V (T ) = [n], and let i, j, k, t be four elements in V (T ) such that 
, then the minimal subtree containing the four vertices must be as in Figure 1 
In this case, if we choose for example u = i, v = j and w = k in {i, j, k, t}, we can consider the vertex l as in figure and then the equalities (2) and (3) hold. We argue analogously if i, j, k and t are not distinct. 
, which is absurd by the four-point condition.
If l = 2, let T be the positive-weighted path in Figure 3 .(b) if, for the triplet {1, 3, 4}, l is equal to 3; let T be the positive-weighted path in Figure 3 .(c) if, for the triplet {1, 3, 4}, l is equal to 4. It is easy to check that, in both cases, T is the unique positive-weighted tree with [4] as the set of vertices such that
Finally, if for the triplet {1, 2, 3} l is equal to 1, let T be the positive-weighted path in Figure 3 . (d) if, for the triplet {1, 3, 4}, l is equal to 3; let T be the positive-weighted path in Figure 3 .(e) if, for the triplet {1, 3, 4}, l is equal to 4. It is easy to check that, in both cases, T is the unique positive-weighted tree with [4] as the set of vertices such that 
When n is generic, we consider a, b, c ∈ [n] such that the value
is maximum and the number
is positive (note that, up to swapping a with b, we can suppose that α is positive; otherwise we would have:
, and so 2D a,b = 0, which is absurd). For all r in [n] − {a, b} we have:
Analogously:
So, by the four-point condition,
Moreover, for all r ∈ [n] − {a, b} we have:
where the second equality holds by (4). If we choose s ∈ [n] − {a, b}, then
as before, and combining (4) with (6) we obtain:
where the last inequality follows from the four-point condition. Now, fix r, s ∈ [n]−{a, b}; we consider the quadruplet {a, b, r, s}; there are two possibilities:
Then, by (i), there exists l ∈ [n]−{a} such that (1) holds, and, using (5), such that α = D a,l . Observe that l is different from a, because, otherwise, we would have:
(where the last equality holds by (5)), and this is not possible. Let us consider the set [n] − {a}; by inductive hypothesis there exists a unique positive-weighted tree
for any x, y ∈ [n] − {a}. To realize T we attach an edge with weight α to the vertex l, and we call the second vertex a. We obtain a weighted tree T with exactly n vertices and we have:
So we have to demonstrate that
If l is different from b, then, by (7), with l and x instead of r and s, we have:
where the last equality follows from (1).
If l is equal to b, then we use again (7), with x instead of s, and we obtain:
To prove that T is unique, suppose that there exists a positive-weighted tree,
First note that a must be a leaf in both trees, for example let us prove that a must be a leaf in T : otherwise there would exist elements x and y in [n] − {a, b} with
By (7), with x and y instead of r and s, we know that:
that implies by (5):
which is impossible. Analogously we can prove that a is a leaf in A. To end the proof we observe that the unique way to reconstruct the tree A from A ′ (and analogously the unique way to reconstruct the tree T from T ′ ) is attaching an edge with weight α and with leaf a to the unique vertex l adjacent to a in A. For this vertex we have that:
for any x ∈ [n] − {a, l}, hence:
Observe that, if there existed l andl in [n] such that (8) holds, then we would have:
and so 2D l,l = 0, which implies l =l. Hence T and A are obtained from the same tree by attaching an edge to the same vertex, so they are equal. So we have to demonstrate that D a,x = D a,b + D b,x for all x ∈ [n] − {a, b}. By (7), with x instead of s, we know that:
and by (9) we know that: D a,r = D a,b + D r,b , so we can conclude. The uniqueness of T can be proved as in the previous case.
